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ON CHAIN VARIETIES OF LINEAR ALGEBRAS

BY

V. A. ARTAMONOV

ABSTRACT.  In the present paper we study varieties of linear

k-algebras over a commutative associative Noetherian ring k with 1, whose

subvarieties form a chain. We describe these varieties in terms of identities

in the following cases:  residually nilpotent varieties, varieties of alternative,

lordan and (- 1, l)-algebras.

1. Introduction. In [1] we have already described homogeneous chain

varieties of linear algebras over a field. RecaU that variety is homogeneous iff

its free algebras are graded relative to the degree-function. If the ground field

is infinite, then any variety of algebras over this field is homogeneous. In the

second paper [2] we gave the description of chain varieties of restricted p-al-

gebras Lie over an infinite field.

In the present paper we describe in Theorems 2—15 chain varieties V of

linear fc-algebras, fc-commutative associative Noetherian ring with 1, in the fol-

lowing cases:

(i) if G is a free algebra in V then f\nGn = 0 (this is always vaUd when

V is locaUy nüpotent), i.e. V is residuaUy nilpotent,

(ü)   F is a variety of alternative algebras,

(iii)  V is a variety of (-1, 1 )-algebras,

(iv) F is a variety of Jordan algebras.

Throughout the paper k is a fixed commutative associative ring with 1, and

V is a variety of fc-algebras with chain of subvarieties. We also assume that

Ann V = {a G *| (VA G F)(a4 = 0)} = 0.

FinaUy it is worthy of note that sirrdlar problems for associative rings were

studied in [3], [4], [5].

2. ResiduaUy nilpotent varieties. Let

0) /(x1,...,xn)= £/, = 0
<=i

be an identity in V and xx appears / times in f¡. Then for any ax, .. . , ad G

k, (1) impUes
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0') «i •••<*, W(ax,...,adyi = 0

where W( ,...,) is the Vandermonde determinant. Thus, as usual (see [1], [6]),

we have

Proposition 1.   7/¿ Aas a unique maximal idealm, i.e. k* = ¿\m, then

ifk = ¿/m is infinite, (1 ) is equivalent to the set of identities f¡ = 0, i = 1, . . . , d.

Ifk = Fq, then f= 0 is equivalent to the set of identities

¿2        /f = 0,      t=l,...,q-l,
i=t mod(q-l)

and for alla E m,

ad(d-i)/2/i = 0

To prove the last affirmation take a, = 1 + a' € ¿*. Then by (l')

W(a., . . . , a.) = ± fi (<*' "<*)- ± o?«-™ IÎ 0 " a*-')

= Sad(d-l)/2>       5Gjfc*

Theorem 1. ¿ef V be a variety ofk-algebras with chain of subvarieties

k as in Proposition 1. If V is homogeneous then either xy = 0 in V, or m = 0

and V was described in [1 ]. If k = ¿/m is infinite, then V is homogeneous.

Proof.  By Proposition 1, V is homogeneous if ¿ = ¿/m is infinite. Sup-

pose that V is homogeneous and xy = 0 in V impliesmx = 0. Then by homo-

geneity mx = 0 in V. If mx = 0 implies xy = 0, then V has an identity xy =

axy + ßyx, where a, ß E m.  Since 1 - a E k* we can suppose that a = 0. There-

fore, xy = ßyx and (1 - ß)x2 = 0 = x2, i.e. xy + yx = 0.  Eventually xy = ßyx =

- ßxy and (1 + ß)xy = 0=xy.

Assume now that F is a residually nilpotent variety, i.e. in a K-free algebra

G with free generators x¡, i = 1, 2, . . . ,

(2) A C = 0
/

where G' - (Sgj ' • ' g¡ with different bracketingl gy E G). Note that in this

case (2) is valid for any F-free algebra.

Let F be a F-free algebra with one free generator x.  Let In = Ann F/Fn

<k,kn= k/In. Note that F/F2 = k2x with zero multiplication. Thus there is

a one-to-one correspondence between ideals of ¿2 and subvarieties of var F/F2

consisting of all ¿2-modules, annihilated by given ideal of ¿2. Thus ¿2 has a

unique maximal ideal m2. Let m be the inverse image of m2 in ¿. Define m.- =

tn//y. If ß E ¿„Nmn, then for some y E kn we have ß-f = 1 mod 72/7n and since
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I2 QI„> ßy = \ inkn for some y G kn. Hence kn is a ring with unique maxi-

mal ideal m„.

Now for each ß G k the ideal ßFis verbal, so since m is finitely generated,

xnF = otF for some a G m. In K either x2 = 0 implies ax = 0, or ax = 0 impUes

x2 = 0. Thus in F either

, d d

(3) x2=aß1x + aß2xi+ Ytagl(x),   or   ax = ^g(x)
1=3 1=2

where ^(x) is a sum of monomials of degree i. By (3) and Proposition 1 we

have in Fn

(3') afx2=0,      f=l +Vd(d-\),

where t does not depend on n. Hence a'x2 gA„ Fn = 0 and, therefore,mtF2

= a'F2 = 0.

Consider now kn -module F/Fn, n > 1. Note thatm„ is the Jacobson radi-

cal of kn. Thus, by Theorem 4.2 [7, p. 12], Arnr^F/F',= 0. Hence, for some

r > 1 we have mrnF/F" C F2/Fn and mrn+tFn C m„F2 = 0 by (3'), where Fn =

F/Fn. Thus, mr+tFC Fn and mr+ *F C ABF" = 0. So m is nilpotent and

k/m = k2/m2 = k is a field. Finally we have

Proposition 2.   fc Aas. a unique maximal nilpotent ideal m, m** = 0.

Now by Theorem 1 without loss of generality we can assume that k =

k/m = Fq.

Let G be a F-free algebra with free generators x¡, / > 1,

Gt = \¿->gx * - • gt with different bracketingl g. G G\.

Put

G= ® Gf/Gi+1.
<>i

Since G'G' C G'+/ we can define in G a multiplication

(x + Gi+1 )0 + G>+ * ) = xy + G'+''+ !,

x G G', ^ G G'. It is clear that G is generated by ̂  = x{ + C2, / > 1.

Proposition 3.   G is a relatively free k-algebra with free generators y¡,

i > 1. var G Aas a cAa/n o/ subvarieties.

Proof.    Since G is homogeneous we need to prove that if g =

g(Xx.A^) is a homogeneous polynomial of degree d, then g(yx.yn) =

0 impUes g(vx, . . . , vn) = 0 for all v¡ G G. Note that

(4) g(yx,...,yn) = 0<=*g(xl,..., xn) <=Gd+l<=*g(vx,..., v„) = 0
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for all homogeneous v¡ E G. Thus, if g is multilinear, then g = 0 is an identity

in G. Put D = Dig) = d - n. So, we have already proved the proposition in the

case D = 0. Suppose that D > 1; then, for example,

A=A(x1,x', x2,. . . ,xn)

= g(x'+xx,x2.xn)-g(xl.xn)-s(x',x2,-xn)

hasD' = D(h) <D = Dig). Note that by (4) hiyx,...,yn+l) = 0 and,hence,

by induction, A = 0 is an identity in G.  Eventually, if g(vx,. . . , vn) =

g(v, v2.vn) = 0, then by (4'), g(vx +v',v2.u„) = 0. Thus, G is

relatively free.

Now iff, g ate homogeneous in G the verbal ideals {/}, {g} generated by

/and g in G ate comparable, i.e., for example,

g = gif( ••• , «;( * * * Xt •■),■),■', Vf( ■•• X. •■■),"■ )

and, hence, in G,

g = gifi • • •, tij( ••• y i •'•),•••),••, Vj( • • • y i ■•••).*•• )»

i.e./= 0 implies g = 0. Since in [1] we used only this criterion for the descrip-

tion, var G has a chain of subvarieties. This completes the proof.

Now by Theorem 1 since G is homogeneous either G2 = 0, i.e. G2 = G3

and G2 eAg" = 0, or G is an F^-algebra, mG = aC? Q G2 and G satisfies iden-

tities from [1, Theorems 2-8].  Our aim is to prove that very often G - G.

Note that if Gn is a F-free algebra of rank «, that is, Gn possesses free genera-

tors x,,. . . , x„, then Grn = Grn+1 implies Grn = 0.

Theorem 2. If G is commutative, associative, G2 =£ 0, and either xp = 0,

p = char Fq, or xx • • • xp+x =0, then G has the same property. Ifxp = 0,

then m = 0. 7/x, • • • xp + x = 0 and m =¿ 0 then xp = ax, q = p, m = Fpa, a2 =

0, ax2 = 0. In all the cases V = var G has a chain of subvarieties.

Proof.  If xp = 0 in G, then Gf = Gf+ J and, as we have already noticed,

this implies Gf = 0. Similarly, G\p~i = G\p~2 = 0 and by Proposition 1, G

is commutative, associative, xp = 0. The case xx • • • x +, = 0 is analogous.

Now if G2 =t 0 then aG < G2 and if xp = 0, by Proposition 1, ax = 0,

i.e. m = 0. If m =£ 0 and xx • ■ • xp+x = 0, then by Proposition 1, ax = ßx",

ßEk,p = q. Multiplying by x we obtain ax2 =ßxp+l =0 and, therefore,

a2x = aßxp = 0, i.e. a2 = 0. So, if a ± 0, then ß E ¿*, and without loss of gen-

erality we can assume ß = 1. In this case V has a chain of subvarieties

0 C (XjX2 = 0} C • • • C {x, • • • xp = 0} C {xp = ax = 0} C V.

Theorem 2 is proved.
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Suppose now that G is a metabelian Lie algebra. Then G satisfies condi-

tions of [1, Theorem 3]. Starting from now we are going to use the following

notation

Theorem 3. // G is a metabelian Lie algebra from [1, Theorem 3], G2 ¥=

0, then m = 0 and G is either metabelian Lie algebra, G = G, with one of the

following sets of identities (p = char F ):

(i) xyzp =xypxp-1 =0,

(ii) Xj • • • x +3 = 0 and ifp = 2 then either yx2y = 0 oryxzt + zxyt +

txyz = 0; if p = q>3 then either xyp + l =0 or xyzp + yzxp + zxyp = 0, or

p = q> 3,xx • • • x„+3 = 0 and G satisfies one of the following sets of iden-

tities:

(i) p = q > 3, xf+» = 0, x2 = 0, J(x, y, z) = ßxyz», ß G F*, (xy\zt) = 0,

(ii) p = q = 3, x2 = (xy)(zt) = 0, J(x, y, z) - ß(xyzp + yzxp + zxy").

In all the cases V has a chain of subvarieties.

Proof. Since x2 = 0 in G, G\ = G2X= 0, i.e. x2 = 0 in V. As we have

already noticed above, mGx C. G, = 0, and thus mx = 0, m = 0.

Suppose now that xyzp = xypxp~l = 0 in G.  Then the algebra G3 is nU-

potent G\p~2 = 0 = G\p~2. Hence G3 has these identities. Since xy"z =

zypx + xzyp in G3 (see [1, p. 58]), we have in G3:

(5) J(x, y, z) + pxypz + yxzpy + 8yxpz = 0,     ß,y,Se¥q.

If, for example, ß ¥= 0, the linearization of (5) by y gives us x, • • • xp+2 = 0

(see [1, Lemma 2, p. 58] ); thus J(x, y, z) = 0, that is, G is a lie algebra.

Sirrularly, (xy)(zt) + ßx^zt + • • • = 0 implies (xy)(zt) = 0.

Suppose now that Xj • • • xp+3 = 0 in G and, hence, in G. Then G has

aU identities of G of degree p + 2.  By Proposition 1 (xy)(zt) G G£+3 = 0.

SimUarly J(x, y, z)eGP+2 and therefore

J(x, y, z) = (ßxypz + •••) + (fxyzp + •••)•

If ß =£ 0 then, again by [1, Lemma 2, p. 58], we have xypz = 0. So, we can

suppose that

(5') J(x, y, z) = ßxyzp + yyzxp + hzxyp,     ß,y,oe¥q.

If q > p then, by Proposition 1, J(x, y, z) = 0, and in this case the theorem is

proved.

Suppose now that p = 2,xx • • • xs = 0 and^x2^ = 0. As it has been noticed

in [1,p.59],yx2y = 0imphesxyz2 =0andthusJ(x,y,z) = 0by (5'). If j>xzf +
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zxyt + txyz = 0 put t = z and obtain yxz2 = 0 and then J(x, y, z) = 0.

If p > 3 and xyp+1 = 0, then as it has been noticed in [1, p. 58], we

have xyzp = zxyp and so 7(x, y, z) = ßxyzp.

If p > 3 and xyzp + yzxp + zxyp = 0, then we can assume that in (5')

5=0. If ß * 0 in (5') put y = z. We obtain xyp+1 = 0 and as above xyzp =

zxyp =yzxp, which implies J(x, y, z) = 0.

Finally suppose that p = 3, xy4 ¥= 0, put y = z in (5'). We have ßxy* -

8xy* = 0 and, therefore, ß = Ô. Similarly |3 = 7 = S, i.e.

J(x, y, z) = ß(xyzp + yzxp + zxyp).

To finish the proof we need to show that if p > 3,

x2 - (xy)(zt) = xyp + l = J(x, y, z) - ßxyz» = x, • • • xp+3 = 0

or p = 3,

x2 = (xvXzf) = *yzf = J(x, y, z) - ß(xyz3 + zxy3 + yzx3) = 0,

then Fhas a chain of subvarieties. In the first case if/= 0 is any element in G,

then modulo verbal ideal generated by xyzp it is (see [1, p. 61]) equivalent to

x, •••x„ =0, «<p + 3, or 2tfip =0, where flp =x¡xx • --x,- --Xp.and

each of them implies xyzp = 0. So subvarieties of V form a chain. The second

case is analogous. This completes the proof.

Suppose now that p = 2. The algebra G satisfies one of the sets of identi-

ties from [1, Theorem 8]. The cases of commutative and associative algebras,

metabelian Lie algebras have been already considered. So we can suppose that

G satisfies identities (3)-(7) from Theorem 8. In the case (3) we have G* =G4

= 0 and since G was defined by identities of degree three, G has the same iden-

tities. If G2 ¥= 0, then aGx = mGx E G2X, i.e. ax = ßx2 + yx2x, aEm,ß,yEk.

Multiplying twice by x we have ax2 = |3x2x, ax2x = 0. So ¿x2x = F(?x2x.  If

y E F* then by [1, p. 76], the linearization of x2x is equivalent to x2y = 0.

Thus, without loss of generality we can suppose that 7 = 0. So ax = ßx2. If

ß E k* = ¿\m, then

0 = (x + y)2 -aß-l(x + y)-x2 +aß~1x-y2 +a$~iy = xy+yx

and, hence, xyz = 0 in G, i.e. G is commutative and associative. If ß = ay, 7 E

k, then ax2 = a7x2x = 0 and therefore ax = ayx2 = 0.

Similarly, if G satisfies identities of type (6)-(7) from Theorem 8, then

G = G.

Suppose now that G is of type (4), that is J(x, y, z) = 0, xiyz) = yxyz +

hyxz, yzx = ß2xyz + iß2 + ß + l)^xz, G5 = G5 = 0. As was mentioned in
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[1, p. 77], in this case every f = f(x, y, z) G G4 is a linear combination of x2yz,

y2zx, z2yx and a linearization of x2yz is equivalent to xyzt = 0. Thus, if

J(x, y, z) + ßx2yz + yy2zx + 8z2xy = 0 in G and if ß # 0, then the lineariza-

tion of this identity gives xyzt = 0 and, hence, J(x, y, z) = 0 in G.   SimUarly

we consider the other identities and a case (5).

Finally, since J(x, x, x) =Jx(x, x, x) = x2x = xx2 = 0, then if G2 ¥= 0,

oGj Ç G2, that is ax = ß'x2 and as in the preceding case if G3 ¥= 0 then a = 0.

Eventually we have proved

Theorem 4.   Let p = 2 and G is not commutative, associative or meta-

belian Lie algebra.   Then m = 0, G = G satisfies one of the following sets of

identities (numeration from [1, Theorem 8]):

(iü) xyzt = 0 and either x(yz) = (ot + ß)xyz + ßyxz, a G F^M, xyz = yzx,

or xyz = az(xy + yx), x(yz) = y(zx),

(iv) yxztu = 0, J(x, y, z) = 0, yzx = ß2xyz + (ß2 + ß + \)yxz, x(yz) =

h'yxz + y xyz, ß,8',y'eFq,

(v) xyztu = 0, Jx(x, y, z) = 0, x(zy) = 82z(yx) + (82 + 8 + l)z(xy),

x^z = a'zixy) + ß'z(yx),

(vi) /(x, .y, z) = 0, x(yz) = Syzx, 8 ^ 1, x.yz = yxz,

(vü) /(x, .y, z) = x^z = 0, x(yz) = x(zy).

/fere /(x, y, z) = xyz + yzx + zxy, Jx(x, y, z) = x(yz) + .y(zx) + z(xy).

Assume now that p > 2.

Theorem 5. // G, G2 # 0, satisfies identities xy - yx = x3 = (xjOteO =

0, then m = 0, G = G ancf F Aas a chain of subvarieties.

Proof.  As in [1] we have xyzt = - xytz, xyz2 = 0 and hence G| = 0.

Thus, by Proposition 1, x3 = (x^X^O ■ 0. Moreover, if x appears at least three

times in a monomial /, then / = 0. Thus, G is commutative. FinaUy, mG Ç G2

implies, by Proposition 1, m = 0.

Theorem 6.  If G is a 3-Engel Lie algebra, p > 2, G2 #= 0, then G = G,

m = 0 and Vhasa chain of subvarieties.

Proof.   Since x2 = 0 in G, G\ = G\ = 0 and mG, C. G\ = 0, i.e. m = 0.

Note that by Theorem 7 [1] if p = 3 then G5 = Gs = 0, if p > 3 then G| =

G3 = 0. Thus by Proposition 1 we have J(x, y, z), x^3 G G3 = 0.

Theorem 7. 7/p = 3 and G satisfies one of the following sets of iden-

tities (numeration from [1, Theorem 4]), G2 ^ 0,

(v) x2 = xyztu = 0, xyzt = (a + ß)(tz)(yx) - a(ty)Kzx) + a(tx)(zy), where

either a^Qorß^O,
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(vi) x2 = xyztu = 0 and either xytz = (y — l)xyzt - 7(7 + l)7(x, y, z)t,

txyz = yxyzt + yzxt - y2J(x, y, z)t, yEFq,or xyzt = xytz + yztx + zxty,

(vii) x2 = xyztu = 0, xytz + xyzt = txyz + yzxt = 0, then m = 0, G = G

and V has a chain of subvarieties.

Proof is obvious, since x2 =0 in G implies m = x2 = 0 in G. Also G5 =

Gs = 0 and G = G since G is defined by identities of degree four.

Theorem 8. Ifp > 3 and G, G2 ¥= 0 Aas eifAer identities x2 = xyz +

xiyz) = xyzt = 0 or xy - yx = x3 = xyzt - xytz = xyztu = 0,

fAe« m = 0, G = G and in these cases V has a chain of subvarieties.

Proof. In the first case x2 = 0 implies as usual m = 0 and since xyzt = 0

by Proposition 1, G = G. In the second case mG, E G\ and x3 = 0, p > 3,

imply by Proposition 1, m = 0. Now xy - yx E G2 = G\ = 0. Thus, G = G.

3. Power-associative algebras. Let k be a Noetherian commutative, associa-

tive ring, V variety of power-associative algebras, F = Gx a F-free algebra with

one generator x. Then F is a Noetherian commutative associative ring. Let /

be the Jacobson radical of F. If/ = F then by results from [7, p. 12] ,A„ F" =

0, so we can apply to var F Theorem 2 and obtain

Theorem 9.   7/7 = F =£ 0, then xn = 0, 2 < « < p + l,k hasa unique

maximal ideal m and ifm#0, then either k/m = Fp, m = Fpa, ax=xp,xp+1 =

a2 = ax2 = 0 or x2 = 0.

Suppose now that F&J. Then F/J is a subdirect product of fields K¡,

F/J E flKj. Each Kj from this decomposition is a ¿-algebra, that is we have

ring homomorphisms ff. k —* K¡, Ker f¡ = p;-. The ideal p;. is prime and k¡ =

k/pj E var KjÇV. If ¿ < ¿y, then ¿ = Ann var k¡/L and, therefore, ideals of

¿. form a chain, that is k, is a valuation ring (see [7] ) with unique maximal

principal ideal (S;) and every ideal of ¿^ is equal to some (5j), t > 0.

Now Kj is generated by ¿- and the image of x, which is different from

zero, since F/J ± 0. By (3), (3') we have in Kf. 5/WW-D+2)/2JC2 = Q¡ and

since Kj is a field, 5;- = 0. Thus, ¿;- is a field as well. For distinct i, / we have,

for example,

p; = Ann var ¿. Q Ann var ¿. = p.

and since k¡, k¡ are fields, p¡ = p, = m. Note that var 7/7" 9& K¡, hence, var ATy

3 7/7" and, therefore,

m = Ann var K¡ = Ann var F/7 Q Ann var 7/7"

for all n > 1. But m is a maximal ideal. Thus, either m = Ann var 7/7" and
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mJ Q/\nJn = 0 (see [7, p. 12]) or J = Jn =AnJn = 0. In both cases m2F Ç

nt J = 0 and therefore m is a unique maximal ideal.

Suppose now, that k/m= Fq. Then each K¡ is a Fq-algebra, var Fq Ç V

and hence var F   D var J/J2. But in var Fq each finite F -algebra is a direct

product of F   (see, for example, [8]). So, J/J2 G var F   implies J = J2 and

therefore / = 0, mF ÇJ = 0. EventuaUy, we have

Theorem 10. IfJ^F, then k has a unique maximal ideal m, m2 = 0.

Ifk/m = Fq, then J = 0,m = 0, k = Fq.

Since the case \k/m\ = °° has been reduced by Theorem 1 to the results of

[1] we assume throughout this paper, by Theorems 9 and 10, k/m = F , and if

J = F, then m=Fqa,a2 = 0,if J¥=F, then/ = m = 0.

4. Alternative algebras. We need

Proposition 5.   Let A be a right alternative k-algebra (see [9] y If A is

anticommutative, then yxz + y(xz) = 0 and if char F   # 2, then xyzt = 0. If A

is commutative (and, hence, alternative), p = char F  =£ 3, then A is associative.

If A is commutative, p = 3, then A is alternative and J(x, y, z) - 0. Conversely,

if A is commutative, p = 3 and J(x, y, z) = 0, then A is alternative.

Proof. If A is anticommutative and (x, y, z) + (x, z, y) = 0, then

xyz = (x, y, z) + x(yz) = - (x, z, y) - yzx = -xzy + x(zy) - yzx

= zxy - zyx - yzx = zxy = yzx = - x(yz).

If p> 2, then

xyzt = - (x(yz))t = x((yz)t) = - x(y(zt)) = (xy\zt) = - xyzt,

i.e. xyzt = 0.

If A is commutative, then

xyz = (x, y, z) + x(yz) = -(y,x,z)+ yzx = -xyz + xzy + yzx,

and, hence,

(6) 2x^z = xzy + yzx,   2yzx = yxz + zxy.

From (6) 3xyz = 3xzy and since p ¥= 3, xyz = xzy = yxz = yzx = x(yz). If p = 3,

then in (6) J(x, y, z) = 0.

Conversely, if J(x, y, z) = 0, p = 3, then

x2y - x(xy) = x2y - xyx = x2y + 2xyx = J(x, y, x) = 0.

Similarly, ,yx2 =.yxx.
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Let V be a variety of alternative fc-algebras. Then F= Gx satisfies condi-

tions of Theorems 9 and 10. If / = F and, therefore, xp+1 = 0, then by a the-

orem of Shirshov-McCrimmon (see [10]), Fis locaUy nüpotent and F-free alge-

bras have property (2). Applying Theorems 2-8 we have

Theorem 11. Let V be a variety of alternative k-algebras with xp+1 =0.

Then V is one of varieties:

(i) any variety of associative commutative algebras from Theorem 2;

(ü) p ¥= 2, xy + yx = xyz + x(yz) = xyzt = 0, m = 0;

(üi) p = 3, xy = yx, x3 - (xy)(zt) = 0, m = 0;

(iv) p = 2, xyzt = 0 and either x(yz) = axyz, a ¥= 1, xyz = yzx, or x(yz) =

y(zx) = y(xz), xyz = 0; in both cases m = 0;

(v) p = 2, (x, y, z) = J(x, y, z) = xyzt = 0, m = 0;

(vi) p = 2, (x, y, z) = J(x, y, z) = yzx + ß2xyz + (ß2 + ß + l)yxz = xyzt

= 0,ß± l,m = 0.

Note.  This theorem is valid when k is an infinite field, char k > 0. If k

is a field of characteristic zero, then V is either of type (ü) or any variety of com-

mutative and associative algebras.

Proof. By Proposition 5 we can suppose that V is not anticommutative

and if G is commutative, but not associative, then p = 3, J(x, y, z) = 0 and in

this case, by Theorems 5-6, F has identities x3 = (xy)(zt). Note that lineariza-

tion of x3 = 0 gives us J(x, y, z), so we have (in).

Suppose now that p = 2 and V of types (iü)-(vü) from Theorem 4. In

case (üi), x3 = x2x = (a + ß)x2x + ßx2x = ax2x, where a =£ 1. So, x3 = 0.

But, by results from [1, p. 79], the Unearization of x3 = 0 impUes x2y = 0 and,

hence, x(yz) = axyz, a ¥= 1. The dual case in (üi) is simUar.

Now if G is of types (iv)-(vii) from Theorem 4, then J(x, y, z) =

Jx(x, y, z) = 0 and by alternativity,

0 = xyz + x(yz) + yzx + y(zx) = zxy + z(yx),

i.e. V is associative. In cases (iv) and (v) we have

J(x,y, z)=yzx + ß2xyz + (ß2 + ß + 1) = 0

or

xzx = ß2x2z + (ß2 + ß + l)x2z = (ß+ \)x2z,

and by J(x, x, z) = 0 we have zx2 = j3x2z. As we have noticed in [1, p. 77], in

this variety xyzt =yxtz = ztxy. Thus, x2zt = ztx2 = ßx2zt. So, if ß ¥= 1, then

x2zt = 0 and xyzt=yxzt, i.e. since FqS4xyzt is the irreducible two-dimensional

FqS4 -module, xyzt = 0.
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Now consider case (vi) from Theorem 4.  V is associative and xyz =yxz,

xyz = byzx, 5^1. Then xyz = ôyzx = Szyx = 52yxz = 82xyz. Since 6 # 1

this implies xyz - 0. Similarly, in (vii) we have xyz = 0. So, in both cases V

is of type (v). By Proposition 5 this completes the proof.

Theorem 12. 7/7« F=Gxwe have 7(F) = 0, ¿ = F^, fAe« V = var F r,

wAere r=l,orr is a prime-power. In this case subvarieties of V form a chain

and V is defined by identity X = X"r.

Proof. If x E F is not algebraic, then F = (X)< Fq [X] and, thus, F

contains two verbal ideals (X2), (X - X9), which do not contain one another.

Thus, x is algebraic, dimfe F < °° and since 7(F) = 0, F=0"_ xFqd¡ and there-

fore, var F = var F r for some F r from this decomposition. By Jacobson's the-

orem (see [6], [11]) two-generated algebras in V are commutative and hence, V

is associative (see [12, Lemma 3]), since F has an identity X = XqT.

Lemma 1.  7/z E Z, z > 1, then (z* - 1)1 (z* - 1) iffs\t.

Proof. Consider the ring R = Z/(zs — 1). The element z ER* has order

s.  Sozf = 1 iffslf.

Lemma 2.   The field F s satisfies the identity X = X<tt iff s\t.

Proof. Take ß to be a generator of F*s. Then ß has order qs - 1. Thus,

pV"1 = 1 iff (q* - 1)| (a* - 1) and iff s\t by Lemma 1.

Now V has the identity X = Xtr and by Lemma 2 and Jacobson's theorem

each algebra A E V is a subdirect product of subfields of F r. So V = var F r

and V has a chain of subvarieties iff r = 1 or r is a prime power.

5. (7, S)-algebras.  In this part we make some remarks concerning (7, S)-al-

gebras. Recall that algebra A over a field k is a (7, 5)-algebra iff

(x, y, z) + yiy, x. z) + 8(z, x, y) = 0,

(x, y, z) - y(x, z, y) + (1 - 8)(y, z, x) = 0

where 7, 5 E k and 72 - Ô2 + 5 - 1 = 0.

As it has been shown in [13, p. 518], if char ¿ i=- 2, 3, 5, then A is power-

associative. Moreover, if char k ¥= 2, 3 and A has no nilpotent elements, then A

is associative [13, Theorem 1, p. 516]. In the special case 7 = - 1, S = 1, if

char k ¥= 2, then A is power-associative, and if char k & 2, 3 and x" = 0 for all

xEA, then A is locally nilpotent (see [14]), and, hence, var A has property (2).

Thus, we have

Theorem 13. Let V be a variety of (7, hyalgebras over a field F , where

p = char Fq > 5 for arbitrary (7, 5) and p > 3 for y = - 1, 5 = 1. If V is not a
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variety ofnilalgebras, then by Theorem 12, V = var F r, where r= 1 or risa

prime-power. Ify = ~ 1,8 = l,p>3 and V is a variety of nilalgebras, then V

is one of the following varieties:

(i) variety of commutative, associative algebras from Theorem 2,

(ii) p > 2, xy + yx = xyz + x(yz) = xyzt = 0,

(üi) p = 3, xy = yx, x3 = (xy)(zt) = 0.

The proof by Proposition 5 foUows from Theorems 5-8 since (— 1, ^-al-

gebras are right alternative.

Note that if k is an infinite field, char k ¥= 2, 3 then (i)-(ü) are the only

varieties of (— 1, l)-algebras with a chain of subvarieties, since in this case they

are homogeneous.

6. Jordan algebras. Throughout this part, V is a variety of Jordan alge-

bras, k from Theorems 9 and 10, and as usual in this case, p = char F > 2.

Assume first that F=GX satisfies conditions of Theorem 10. Consider the

Jordan Fq -algebra As which is a subalgebra of the matrix algebra Mat(2, F s)+,

consisting of aU matrices

(7)

where a, ß, 8, y G F s, 8 is fixed, - 8 £ F2S. So, dimF ¿A6 = 3.

Proposition 6. Algebras A6 for distinct 8 are isomorphic.

Proof.  Define the map /: As —*■ A6y2, 8, y G F*,, by

An easy calculation shows that /is a homomorphism, and, therefore, an iso-

morphism.

Proposition 7.  Ifß¥=0in (7), then eigenvalues of T are distinct.

Proof.  The characteristic polynomial of T is X2 - X(a + y) + (cry -

j328). If its roots coincide, then

0 = (a + y)2 - 4ay + 4j328 = (a - y)2 + (2ß)28

or — 8 = [(2|3)-l(a - y)]2, which is impossible.
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Note that eigenvalues of T belong to F 2s.

Proposition 8.   There exists TEAS such that the eigenvalues of T be-

long to F^sNF^.

Proof.  Suppose that for all T E A6 the eigenvalues belong to F s. Then

for all a, ß, y E FqS,

(a + y)2 -4ay + 48ß2 = (a - y)2 + (2ß)2d E F2 .

that is for all x, y E F s there exists z E F s such that x2 + y28 = z2. Hence,

0+ 1 -5=u2 andx2<?+j>25=x2 + (uy)2 =z2. Since 5 ¥= 0, u =t 0 and for

all x, y E F ¡¡ there exists zEF s such that x2 +y2 =z2. Thus, F2S is a sub-

group of F ,. Since 8 E F2S, — 8 E F2S. However, this contradicts our assump-

tion.

Proposition 9.   77ie algebra As satisfies the identity X = Xq   , not the

identity X = X*s.

Proof. By Proposition 7 the matrix T from equation (7) is conjugate in

Mat(2, F 2J) to the matrix

ri = L     «   ai'tt2eI>>
<r

,2s
and, therefore,r£    = Tx. The affirmation follows now from Propositions 7

and 8.

Theorem 14. Let V be a variety of Jordan Fq-algebras, p = char F^ > 2,

and X = Xir in V, where r=lorrisa prime-power. Then either V = var F r

or r = 2, V = var A6, where A6 is the F -algebra, defined above (with s = 1).

Proof.  Let B E V. By Theorems 15.11, 15.4 from [6] and Proposition 6,

B is a subdirect product of fields F t, t\r, and algebras As over some fields F ,.

By Proposition 6 we assume 8 EFq. By Proposition 9 since F , E V and s|r

we have F^ [a] E V for some a G F 2j\F s, i.e. by Lemma 2 from Theorem 12

we have 2|r. Thus, r = 2" and F 2s = F^fa] E V.

Lemma 1.  If As E V, then s = 1.

Proof. Let A'6 be a F^-subalgebra of As with a, ß, y E Fq in (7). Note

that by our assumption 8 EFq. If var F 2j 3 A's, then as we have already

noticed at the end of §4 of this paper, A's is a subdirect product of fields F t.

But A'6 is a simple algebra (see [6, Proposition 15.4]), so A's — F f, which is

impossible since A'8 has nontrivial idempotents. Thus,F 2sE var A's and by
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Proposition 9, Lemma 2 from Theorem 12, we have 2s|2, i.e. s = 1, A's = A6.

Finally, every algebra B G var As over F  satisfies the identity X = Xq2

and by results of [6], B is a subdirect product of some copies of F , F 2 and

As (see also Proposition 6). Hence there is the only chain

0 C var F   C var F , C var A& = V
q Q

of subvarieties. This completes the proof.

Now suppose that the F-free algebra Gx= F enjoys conditions of The-

orem 9.

Theorem 15. If F enjoys conditions of Theorem 9, G2 # 0, then V is

one of the varieties:

(i) commutative and associative algebras from Theorem 2,p =£2,

(ii) p±2,xy= yx, x3 = (xy)(zt) = m = 0,

(üi) p # 2, 3, xy = yx, x3 = xyzt - xytz = xyztu = m = 0.

Proof. Since V is a variety of nilalgebras, xp + 1 = 0, by results of Shir-

shov [15] special algebras in V are locally nüpotent. Thus U = var G2 has prop-

erty (2) and therefore U is a commutative variety from Theorems 2, 5 and 8.

If U is associative, then V is a variety of alternative algebras and by Theorem 11,

V is of types (i) or (ii), since V is commutative.

Suppose now, that in U we have xy - yx = x3 = (xy\zt) = 0. Then in V

we have xy - yx = x3 = x2 • y2 = 0. Since V is commutative, linearization of

x2 • y2 = 0 gives us

0 = (x+.y)2 -z2-x2 -z2 -y2 ■ z2 = 2(xy) ■ z2

and (xjO • z2 = 0. Simüarly, (x^)(zr) = 0, i.e. F is of type (ii).

Suppose finaUy that U has identities

xy=yx,   x3 = 0,   xyzt = xytz,   xyztu = 0,   p =£ 2, 3.

The linearization of x3 = 0 gives us J(x, y, z) = 0, i.e. in V we have xy = yx,

x3 = J(x, y, z) = 0. Moreover, in U, and, hence, in V we have

x2vx = x3v = 0,   vxxx = xyxx = - Vtxzy = 0,

(8)
J(x, x, y) = x*y + 2xyx = 0,   x^x = .yxx.

By linearization of x2yx = 0 we obtain

(8') x2yz + 2zxyx = 0.

Also, by linearization of x^x^ - xyyx = 0 by x and y we have

(8") xyxz + xzxy + yzxx = 0,   xyzz + xzzy + yzzx = 0.
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Lemma   Let G3 be a V-free algebra with free generators x =xx, y = x2,

z = x3, and M EG3a monomial

M = tx---tn,      n>2,   tt = xx,x2,xy

Ifxm appears jm times in M, then

Ci« h> h) 's a permutation of(l, 2, 3).

Corollary. 7/x (or y, z) appears in M at least three times, then by (8),

M=0.

Proof of Lemma.  The case n = 3 is trivial by (8). Suppose that « > 3,

and for « - 1 the Lemma was proved. By induction, if M + 0 we can assume

that

h " ' 'n-i m*S-\-^?-.-PJ "*     0<J)<3>h +h +i3 > 2-
'i        '2      h

The case tn = z is trivial. So, tn = x, y. Note that by (8) and xyxy = xyyx,

xj^5yj^j = lyj-^xj-í-i?'   yE k*-

>l >2 ¡2 ¡I

So without loss of generality we can suppose that tn =y, j2 > 0. If jx = 2, then

put u = x2 and applying an induction and identity

(8'") iyz) ■ x2 = x2iyz) = - xiyz)x - yzxx = - 2yzxx,

we prove our Lemma.

So /'j = 1 (the case /, = 0 is trivial as we have already noticed),

M - xy^ • • yz • -_^ zy.

If /3 = 2, then by (8'") we have

'2        h

M = -Vi(xy-y)-z2 • y.

So applying induction to M1 = xy • ■ • yzy and using (8'") we prove the Lemma.

Suppose now that f3 - 1. Then by (8') if ;2 = 1

M = xyzy = - Viy2zx.

If/2=2,thenby (8), (8'")

M = xyyzy = - Viy2xzy = - Vt((xz) ■ y2)y = xzyyy = 0.
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This completes the proof.

Now by the CoroUary of the Lemma G3 is nUpotent, so var G3 has (2)

and var G3 is one of the varieties (i)-(iii) from the conditions of Theorem 15,

var G3 2 var G2, and therefore, in var G3,

xy = yx,   x3 = J(x, y, z) = 0,   xyzt = xytz.

Hence, in F we have x2yz = x2zy. Linearizing this identity we obtain by com-

mutativity in V, xyzt = xytz.  Now, as it was proved in [1], this implies xyztu =

0. The theorem is proved.
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